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 A B S T R A C T

Free-energy landscapes and chemical potentials govern the dynamics of phase transitions, transport, and 
stability in functional materials, yet they remain experimentally inaccessible under realistic operating con-
ditions. Here we introduce a Bayesian model-integrated neural network (BMINN) that embeds physics-based 
formulations of non-autonomous partial differential–algebraic equations into probabilistic learning. This 
approach reconstructs hidden thermodynamics directly from macroscopic current–voltage data, providing 
quantitative access to metastable states, staging transitions, and energy barriers without synchrotron probes. 
Demonstrated on lithium–graphite electrodes, BMINN recovers full Gibbs free-energy landscapes with fidelity 
validated against operando X-ray diffraction. The framework generalizes across dynamical regimes, enabling 
accurate voltage prediction, internal state estimation, and inference of governing parameters. Beyond batteries, 
BMINN exemplifies a broadly applicable strategy for learning missing physics in multiphase, non-equilibrium 
systems, offering a new pathway to uncover hidden thermodynamic functions across condensed matter and 
materials physics.
. Introduction

The evolution of many-body systems out of equilibrium is governed 
y hidden thermodynamic functions that determine phase transitions, 
etastability, and kinetics. From ferroelectric switching to catalytic 
eactions and ion intercalation in solids, these free-energy landscapes 
ictate both macroscopic behavior and microscopic pathways. Yet di-
ect measurement of such landscapes under realistic operating con-
itions remains elusive. Experimental probes such as operando X-ray 
iffraction (XRD) [1,2], neutron scattering [3], and nuclear magnetic 
esonance (NMR) [4] can resolve phase transitions in detail, but they 
equire synchrotron or reactor access, custom cell designs, and carefully 
ontrolled environments. These requirements make them unsuitable 
or large-scale or high-throughput characterization. As a result, most 
odeling approaches rely on open-circuit potential fitting or empirical 
ree-energy expressions, which cannot capture metastable states, inter-
acial energy barriers, or rate-dependent phase separation [5,6]. This 
imitation constrains our ability to build predictive models and hinders 
undamental understanding of multiphase, non-equilibrium systems.

I This work was supported by European Union’s Horizon Europe programme under the Marie Skłodowska-Curie Actions Postdoctoral Fellowships (Grant No. 
01068764), Marie Skłodowska-Curie Actions (Grant No. 101131278), and the Swedish Research Council (Grant No. 2023-04314).
∗ Correspondence to: Hörsalsvägen 11, SE 412 96 Gothenburg, Sweden.
E-mail address: changfu.zou@chalmers.se (C. Zou).

Graphite, the most widely used negative electrode material in com-
mercial lithium-ion batteries, offers a particularly rich case study of 
this challenge. During lithiation and delithiation, graphite undergoes 
a sequence of staging transitions that are conventionally described in 
terms of the average number of graphene layers between lithium layers. 
The two classic interpretations of these structures are the Rüdorff–
Hoffmann [7] and the Daumas–Hérold [8] models. Each stage corre-
sponds to a local minimum in Gibbs free energy, while intermediate 
stoichiometries align with miscibility gaps in the chemical potential. 
Within these gaps, two or more phases coexist, separated by moving 
interfaces whose dynamics are driven by overpotential. The height 
of the free-energy barriers plays a decisive role, since experimental 
observations indicate that some transitions can lag behind others un-
der high intercalation rates [1]. Accurate descriptions of the Gibbs 
free energy and chemical potential are therefore required to predict 
phase-boundary migration, to track transient phase populations, and 
to assess conditions under which parasitic lithium plating is likely to 
occur.
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Fig. 1. Hierarchical microstructure of a graphite particle. (a) SEM image of a secondary polycrystalline particle of synthetic graphite. (b) A diffusion-limited 
picture for the secondary polycrystalline particle. (c) A reaction-limited picture of the primary, single-crystalline particles. During phase transitions, the ensemble 
of primary particles separates into two phases; for example, a Stage 2–1 transition is characterized by a bimodal population density with two peaks centered 
around the red phase and gold phase. Experimentally, both phase morphologies have been observed in a graphite electrode [16] under the same operational 
condition, implying that both diffusion-limited and reaction-limited physical pictures are plausible.
Existing free-energy models illustrate both the progress made and 
the limitations that remain. For two-phase compounds such as LiFePO4, 
a one-dimensional double-well function is sufficient to represent phase 
separation [6,9]. For graphite, Smith et al. [10] proposed a two-
dimensional free-energy model consistent with the Rüdorff–Hoffmann 
bilayer structure, which combines two regular-solution free energies 
to represent alternating lithium layers, but captures only the Stage 
2–1 transition. Chandesris et al. [11,12] extended this model by incor-
porating the short-range periodicity of the Daumas–Hérold structure, 
which enables the description of additional stages and transitions. More 
recently, Ombrini et al. [13] introduced an extended regular-solution 
model for multi-sublattice compounds such as LiMn𝑦Fe1−𝑦PO4, and Poz-
zato et al. [14] demonstrated a hybrid physics–machine learning model 
for LiFePO4–graphite systems. While these approaches effectively cap-
ture the major voltage plateaus for single-crystal particles, their appli-
cability to realistic electrodes remains uncertain. Electrodes in prac-
tical cells are composed of polycrystalline graphite particles with hi-
erarchical microstructures [15], and electrode-level simulations based 
on volume-averaging or coarse-graining fail to capture the transient 
and spatially heterogeneous intercalation behavior observed during 
real-world cycling [1].

Here we introduce a general inference framework, the Bayesian 
model-integrated neural network (BMINN), which reconstructs
electrode-specific chemical potentials and Gibbs free energies directly 
from routine current–voltage data. Unlike conventional approaches 
that rely on predefined functional forms, BMINN embeds multiphase 
electrode models into a probabilistic learning framework, enabling 
the recovery of full free-energy landscapes together with quantified 
uncertainty. Applied to graphite, the reconstructed thermodynamics 
reproduce operando XRD observations, resolve staging dynamics and 
heterogeneous lithiation pathways, and capture free-energy barriers 
underlying lagging phase transitions at high rates. More broadly, the 
framework addresses a general physics problem: learning missing ther-
modynamics in multiphase, non-autonomous dynamical systems from 
limited macroscopic observables. In this sense, BMINN provides a 
methodology that extends well beyond electrochemistry, with poten-
tial applications to catalytic surfaces, ferroic materials, and other 
non-equilibrium systems where hidden free-energy landscapes govern 
macroscopic performance and stability.
2 
2. Results

2.1. Framework overview

Physical picture. To reconstruct electrode thermodynamics from cy-
cling data, it is first necessary to understand how lithium ions in-
tercalate into graphite electrodes. Yet, the intercalation mechanism 
remains debated. Traditionally, lithium intercalation has been regarded 
as diffusion-limited under typical battery operating conditions, a view 
supported by the core–shell phase separations commonly observed 
in graphite electrodes [16,17]. The extent of diffusion limitation is 
influenced by various factors, including C-rate, particle size, geome-
try, surface morphology, and electrode thickness. Fig.  1a presents a 
scanning electron microscopy (SEM) image of a secondary polycrys-
talline particle composed of tens of thousands of primary single-crystal 
particles. The ion intercalation of these densely packed primary par-
ticles within the secondary structure can be modeled using either 
diffusion-limited or reaction-limited assumptions.

First, for a diffusion-limited picture depicted in Fig.  1b, we utilize a 
phase-field formulation [18] adapted to describe particle filling limited 
by solid-state transport within a secondary particle, governed by chem-
ical potential. In addition, phase transitions are not confined solely 
to diffusion-limited secondary particles but also occur at the scale of 
a primary particle ensemble. These ensemble-scale phase transitions 
are driven by interfacial reactions [19,20], which are determined by 
chemical potential differences [21,22]. Second, a scaling law pre-
dicts that when the average particle size is below one micron and 
with applied current less than 100C for graphite, the system becomes 
reaction-limited [23]. Considering submicron-sized primary particles 
commonly found under typical operating conditions [15], we adopt a 
reaction-limited formulation [22,24] for primary particle intercalation, 
as illustrated in Fig.  1c. While diffusion-limited and reaction-limited 
pictures can co-exist and are observed in graphite electrodes under the 
same conditions [16], we consider both in our physics-based learning 
framework for modeling chemical potential.
Physics-based learning. Physics-based learning is a hybrid model-
ing approach that combines domain-specific knowledge from classical 
partial differential equation (PDE)-based systems with data-driven tech-
niques [25]. This methodology has been previously utilized for model 
order reduction to accelerate battery model simulations [26]. To enable 
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the efficient learning of chemical potentials, we develop a new method 
to uncover hidden physics and address uncertainties by incorporating 
the Bayesian inference, leading to Bayesian model integrated neural 
networks (BMINN). The major innovation of BMINN is its capability 
to accurately infer chemical potentials from voltage data alone. This 
is particularly critical for multi-phase battery modeling, where precise 
chemical potential profiles are essential to capturing phase transition 
dynamics in graphite electrodes.

BMINN achieves this by parameterizing hidden physics using a flex-
ible and stochastic function that can relate to any signal in a physics-
based model, including time, differential states, algebraic states, control 
inputs, and spatial coordinates. Unlike methods such as the SINDy algo-
rithm [27], BMINN does not impose predefined functional forms for un-
known physics. Compared to inverse physics-informed neural networks 
(iPINNs) [28], which rely on learning specific solution trajectories in 
the inverse problem (Supporting Information S8), BMINN is designed to 
uncover hidden system dynamics while providing uncertainty quantifi-
cation, as mentioned earlier. The hybrid framework combines known 
physics-based equations (non-autonomous PDEs and, where appro-
priate, partial differential–algebraic equations, PDAEs) with Bayesian 
neural networks to produce a data-driven function that accounts for 
both parameterization errors and modeling errors resulting from model 
mis-specifications. By enabling robust uncertainty quantification and 
physics-based insights, BMINN provides a versatile and generalizable 
tool for modeling electrochemical systems and, more broadly, multi-
phase non-equilibrium dynamics.

2.2. Reconstructing electrode thermodynamics

BMINN enables direct reconstruction of Gibbs free energies (𝑔) 
and chemical potentials (𝜇) as functions of the filling fraction 𝑥 in 
Li𝑥C6 from routine half-cell cycling data, with quantified uncertainties 
(Supporting Information S1). The inference is performed on current–
voltage data collected during a C/40 charge–discharge cycle at 25 °C, 
which employs either a diffusion-limited or a reaction-limited for-
mulation (Supporting Information S2–S4). Specifically, porous electrode 
theory (PET)-based chemical potentials take on a logarithmic form, 
while OCP-fitted chemical potentials are obtained from OCP mea-
surements. In contrast, all other energies and potentials are inferred 
without imposing any predefined functional forms. This allows greater 
flexibility in capturing hidden physics. This flexibility is important, as 
modeling errors often arise from incorrect assumptions about functional 
dependencies. By avoiding such constraints, BMINN leverages the uni-
versal approximation capabilities of neural networks to uncover hidden 
physics and provide accurate, data-driven insights into multi-phase 
intercalation dynamics.

In addition to enabling flexible inference, it is important to assess 
the credibility of the inferred energies and potentials. Point estimates, 
such as maximum a-posteriori (MAP) or maximum likelihood estima-
tion, often fail to account for the credibility or variability of the inferred 
parameters, which can be particularly problematic when dealing with 
limited and noisy data. In the absence of internal sensors, external 
and often noisy current–voltage data make a Bayesian formulation 
particularly suitable for this purpose. As shown in Fig.  2, posterior 
distributions of energies and potentials are sampled, revealing that they 
converge to unimodal distributions. Interestingly, the posterior distri-
butions associated with the phase-field formulation exhibit a wider 
confidence interval (CI), which indicates a higher level of uncertainty 
compared to the reaction-limited formulation. This quantification of 
uncertainty provides valuable insights into factors such as data noise 
and the influence of the specific physics-based formulation used.

As shown in Fig.  2a, the Gibbs free energies learned with phase-field 
and reaction-limited formulations display four distinct energy wells at 
filling fractions of approximately 0.1, 0.2, 0.5, and 0.9. These energy 
wells correspond to Stages 3L, 2L, 2, and 1 of the lithiated graphite 
phases, respectively. Preceding Stage 3L, we designate XL to represent 
3 
liquid-like structures that exhibit a periodicity beyond three layers. 
Compared to a multi-phase-field model [10], which only captures tran-
sitions between stable phases, both Gibbs free energy profiles derived 
from the two physics-based formulations exhibit energy minima asso-
ciated with transient liquid-like (L) phases. Thermodynamically, the 
common tangents of the double-well energies at 3L–2L, 2L–2, and 2–1 
coincide with the filling fractions where voltage plateaus are observed. 
Two of these tangents are illustrated for the maximum a-posteriori
(MAP) Gibbs free energies in Fig.  2b.

The staging is clearly identifiable in chemical potentials 𝜇, which 
represent the change in Gibbs free energies, as shown in Fig.  2c. The 
notation of the transient phases signifies different stacking structures 
beyond integer average numbers of graphene layers between lithium 
layers [29], as illustrated in Fig.  2d. Phase transitions occur between 
the extrema of the chemical potentials, where 𝑑𝜇∕𝑑x = 0. For the 
experimentally inaccessible concentration regions where 𝑥 is close to 
0 and 1, corresponding to fully de-lithiated and lithiated states, both 
the Gibbs free energy and chemical potential models become unreli-
able. However, the particle population adopting these concentrations 
is negligible, as the cutoff voltages typically prevent the average ca-
pacity from reaching these regions. In practice, these regions can be 
extrapolated using logarithmic functions so that 𝜇 approaches −∞ at 
x = 0 and ∞ at x = 1 [30], although it may introduce instabilities 
in the numerical schemes of physics-based simulations. Moreover, the 
energies and potentials learned using the two physics-based formula-
tions are consistent in their overall shapes but show slight differences in 
numerical values. For example, the chemical potential learned using a 
phase-field formulation during a Stage 2–1 transition is lower compared 
to the chemical potential learned using a reaction-limited formulation. 
This is expected since the two physics-based formulations are based 
on different predefined mathematical structures, even though they are 
trained on the same dataset.

In comparison, OCP-fitted energy and potential curves commonly 
used in existing electrode-specific phase-field formulations [31–33], as 
plotted in Fig.  2a and c capture the general trend, but many features are 
missing. The OCP-fitted chemical potential is derived using the Nernst 
relation 𝜇 = 𝑒0(𝜙OCP − 𝜙ref), where 𝑒0 is the elemental charge, 𝜙OCP
represents a fitting function of OCP, and 𝜙ref is a reference potential 
taken as the voltage of the first major plateau. As shown in Fig.  2c, 
the OCP-fitted chemical potential is a monotonic function in which, 
within the plateau regions, some distinct stages (e.g., XL, 3L, and 2L) 
are ambiguous to identify. For the OCP-fitted Gibbs free energy in Fig. 
2a, the energy barriers are absent, which is not thermodynamically 
consistent with phase transitions occurring in graphite electrodes. Sim-
ilarly, classical intercalation models, such as Newman’s model based 
on porous electrode theory [34], assume a chemical potential of the 
form 𝜇 = 𝑘𝐵𝑇 ln x where 𝑘𝐵 and 𝑇  are the Boltzmann constant 
and temperature. A monotonic chemical potential does not result in 
phase coexistence and energy barriers in the Gibbs free energy. These 
energy barriers not only display plateaus (through common tangent 
construction) in equilibrium but also play an important role in the 
intercalation dynamics. It was observed in an operando XRD study [1] 
that lithiation ceases in regions where Stage 2 is reached during charge. 
In kinetic simulations of realistic graphite electrodes, it is crucial to take 
into account the energy barriers so that regions undergoing transitions 
associated with smaller energy barriers draw higher current rates, 
consistent with experimental observations.

2.3. Capturing phase transitions and XRD signatures

The reconstructed Gibbs free energies not only reproduce graphite’s 
staging transitions in population dynamics but also match operando 
XRD signatures. To demonstrate the importance of a thermodynami-
cally consistent description of Gibbs free energy in graphite interca-
lation dynamics, we compare different free energy models. In Fig.  3a, 
the evolution of population densities resulting from the reaction-limited 
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Fig. 2. (a) Gibbs free energies. (b) Two common tangents (black solid lines) of the maximum a-posteriori value (dashed line) of the Gibbs free energies for 
the 3L–2L and 2L–2 transitions. (c) Chemical potentials. All the energies and potentials are scaled to thermal energy 𝑘𝐵𝑇 , and are sampled from the posterior 
distributions obtained from a C/40 charge–discharge cycle. The intensity of the color is proportional to the probability density of the posterior distribution. (d) 
The staging structures of different stages, including dense stages where the lithium ions are intercalated on interstitial sites and liquid-like stages where graphene 
layers are filled without particular in-plane order. Disordered lithium ordering with lithium content lower than 3L, e.g. Stage 4L and 8L, are denoted by XL.
Gibbs free energy model undergoing a C/20 charge–discharge cycle is 
plotted. The simulation starts with an equilibrium, unimodal distribu-
tion at a low state of charge (SOC) value at the beginning of charge. 
Subsequently, it undergoes three major phase transitions, i.e. XL–3L, 
3L–2, and 2–1, each characterized by their corresponding bimodal 
distributions. Throughout these phase transitions, one peak expands 
and grows at the expense of the other; for instance, the Stage 1 peak 
grows while the Stage 2 peak diminishes during the 2–1 transition. The 
discharge distributions follow a similar mechanism, capturing all phase 
transitions, but they are not exact reversals of the charge distributions 
over time due to the combined effects of hysteresis and polarization. In 
contrast, the population densities resulting from the PET-based model 
exhibit an advection of a unimodal distribution throughout charge 
4 
and discharge. As shown in Fig.  3b, there is no expansion, split, or 
growth of the peak observed. Moreover, no discrepancies between 
charge and discharge arise from the hysteretic effect, which is not 
consistent with graphite [5,35]. It can be concluded that although 
classical intercalation models may reproduce the voltage behavior of 
a graphite electrode, they do not accurately model the internal states.

Experimental in situ and operando techniques probing the internal 
states of a battery include XRD [1,2], neutron diffraction [36], and 
optical microscopy [16,32]. These methods typically involve unrealistic
operando cell designs or costly experiments, making them infeasible for 
periodic assessments of commercial battery cells in the field. However, 
it is well-known that degradation processes, such as lithium plating, 
are closely coupled with graphite internal states [37]. Therefore, an 
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Fig. 3. Population densities during a C/20 charge (red) and discharge (blue) cycle resulting from (a) the reaction-limited Gibbs free energy model and (b) the 
PET-based Gibbs free energy model. Since graphite is a chromogenic material, the color of the particles in the inset of (a) corresponds to those observed in optical 
experiments [16]. The inset in (b) shows a spatiotemporal plot of the filling fraction for a single (volume-averaged) secondary particle. The population densities 
for the PET-based model are computed from the spatio-temporal profile of the filling fraction (see Supporting Information).
accurate model for the internal states of graphite electrodes is highly 
desirable. To validate different models, the XRD patterns resulting 
from each model are computed (Supporting Information). Fig.  4a shows 
an operando XRD measurement of a graphite electrode undergoing a 
C/20 charge at 25 °C [2]. The simulated contour plots of changes in 
the 2𝜃 angle and intensity of graphite basal reflections for various 
models are shown in the same figure. It can be seen that the simulated
operando XRD resulting from the phase-field and reaction-limited free 
energy models closely resemble the overall pattern of experimental 
measurements, as shown in Fig.  4b and c, respectively. From a physics 
perspective, the agreement indicates that the learned free-energy func-
tional reproduces the equilibrium common-tangent structure and the 
rate-dependent sequence of staging transitions observed by operando
XRD, providing a direct bridge between phase diagrams and driven 
intercalation trajectories.

The PET-based free energy model in Fig.  4d produces a solid-
solution pattern throughout the charge, which differs significantly from 
the experiment. This is a direct consequence of the fact that PET-
based chemical potential is monotonic by construction (Eqn. 2b in the
Supporting Information), implying a convex free-energy landscape that 
cannot reproduce phase coexistence or energy barrier-controlled tran-
sitions. Fig.  4e and f show the results of OCP-fitted free energy models 
in combination with the phase-field and reaction-limited formulations, 
respectively. These models exhibit solid-solution-like behavior from the 
start of charging to Stage 2, located at around 25.2◦ in 2𝜃, differing from 
the phase separation patterns resulting from our free energy models in 
Fig.  4b and c and the experiment. Furthermore, the Stage 2–1 transition 
for the OCP-fitted models, which should initiate at around 50% SOC, 
is significantly delayed and behaves like a solid solution from 50% to 
65% SOC. These behaviors are inconsistent with the experimentally 
measured XRD pattern.

The above results clearly reveal how important an accurate and 
realistic description of the Gibbs free energy is in modeling the internal 
intercalation dynamics of graphite electrodes. Even though the PET-
based and OCP-fitted models successfully reproduce current–voltage 
5 
behaviors of graphite electrodes through system identification [38,39], 
the accuracy of these models in the internal states can be erroneous. 
Our models, based on physics-based Bayesian learning, prescribe ac-
curate Gibbs free energies with realistic energy barriers and chemical 
potentials. The energy barriers are crucial in the heterogeneous lithia-
tion of graphite under fast-charging conditions. Larger energy barriers 
inhibit local intercalations and transport, causing the lithiation front to 
move and ‘‘shoulders’’ or stagnations in the filling fractions to form [1]. 
Such energy-barrier-related phenomena have been observed experi-
mentally using operando XRD [1,40], yet remain elusive in current 
modeling efforts.

The internal states of graphite are closely coupled with reaction 
kinetics and ionic transport, which together significantly influence 
its intercalation dynamics. Many degradation mechanisms in graphite 
draw side reaction currents from the intercalation currents, mean-
ing they are also affected by these internal states. One unexpected 
feature observed during the heterogeneous delithiation of graphite is 
the increase in Stage 1 population at the end of a constant voltage 
discharge [1,40]. Since this phenomenon occurs only in specific stages, 
it is of great value to quantify the contribution of each stage, specifi-
cally the mass fractions associated with them. Traditionally, decoupling 
the contributions of different stages is typically achieved through Ri-
etveld refinement and integration of the XRD peaks. However, this 
technique can lead to ambiguous interpretations because XRD patterns 
may be obscured by peaks from the cathode, current collector, or 
casing. Additionally, some phases are challenging to decouple due 
to weak reflection splitting of Bragg peaks [41]. In this context, our 
Gibbs energy models, combined with a suitable physics-based formula-
tion, can help accurately quantify the dynamics of phase populations, 
thereby enhancing the predictive capability of both simulations and 
experiments.

The applications of realistic Gibbs free energy models featuring 
accurate energy barriers are essential for advancing the understanding 
and prediction of graphite internal intercalation dynamics. First, XRD 
simulations based on these models facilitate quantitative degradation 
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Fig. 4. Contour plot of changes in the 2𝜃 angle and intensity of graphite basal reflections for a graphite electrode undergoing a C/20 charge at 25 °C. (a) Operando
XRD measurement [2]. (b) Simulated XRD using the phase-field Gibbs free energy model. The numerical results at certain SOCs may not be reliable due to large 
chemical potential gradients and sharp phase boundaries. (c) Simulated XRD using the reaction-limited Gibbs free energy model. (d) Simulated XRD using the 
PET-based free energy model. (e) Simulated XRD using an OCP-fitted Gibbs free energy model with the phase-field formulation. (f) Simulated XRD using an 
OCP-fitted Gibbs free energy model with the reaction-limited formulation.
modeling, which is key for developing health-conscious control strate-
gies in battery management systems. For instance, accurately predicting 
the formation of LiC6 phase in graphite is critical for optimizing fast 
charging protocols to limit lithium plating. Second, model-assisted Ri-
etveld refinement, leveraging the detailed energy barrier information, 
can be used to interpret experimental XRD results more effectively. This 
approach can help decouple complex phase contributions that might be 
challenging in experimental data, leading to a more reliable analysis of 
the internal states and dynamics within the battery.

2.4. Generalization to device-scale models

Finally, we demonstrate that the framework generalizes to com-
mercial battery cells, where it enables faithful voltage prediction and 
internal state estimation. In such cells, three-electrode experiments can 
be performed to characterize individual electrodes, as detailed in Sup-
porting Information S1. In commercial-format cells, unlike in coin cells, 
the lithium-ion concentration in the electrolyte and the intercalation 
rate at the particle surface can generally be treated as uniform along 
the in-plane direction, owing to the large aspect ratio and effective 
current collection. Under low current conditions, these quantities can 
also be considered uniform across the electrode thickness (out-of-plane) 
dimension (see Supporting Information S4.1). This simplification allows 
chemical potentials to be inferred without coupling electrolyte dynam-
ics in the thickness dimension to intercalation dynamics, which would 
otherwise introduce additional PDEs and algebraic constraints. How-
ever, when currents exceed the limits of the single-particle assumption, 
electrolyte dynamics and spatially distributed intercalation rates must 
be incorporated for accurate modeling and predictions for downstream 
model-based applications.
6 
To demonstrate the effectiveness of our approach in downstream 
applications, such as terminal voltage prediction, the inferred chemical 
potential is integrated into a full-cell model. This model uses a phase-
field formulation for ion concentration in the solid phase, coupled 
with distributed ion concentration in the electrolyte and distributed 
intercalation rates, as previously formulated by Huang et al. [26]. 
The parameterization is based on an LG™ M50 cylindrical cell [38]. 
Parameter identification for the electrolyte-related parameters is per-
formed using C/2 constant-current discharge data of a pristine cell at 
25 °Celsius. Model validation is carried out using hybrid pulse power 
characterization (HPPC) and galvanostatic intermittent titration tech-
nique (GITT) profiles, which are widely used for evaluating battery 
performance and relaxation dynamics.

Fig.  5a shows the voltage prediction of the fitted full-cell model 
under an HPPC-type current profile, where the inset depicts the current 
profile used during testing. The prediction closely tracks the experimen-
tal data, achieving a root-mean-square error (RMSE) of 14.7 mV. In Fig. 
5b, the voltage prediction for a GITT-type profile is shown to effectively 
capture the transient behavior of the voltage relaxation but exhibits 
a small steady-state error for certain GITT pulses. This highlights a 
persistent challenge in parameterizing full-cell electrochemical models, 
especially for pulsing and dynamic current profiles. We emphasize 
that, while many battery models with differing physical assumptions 
can achieve reasonable accuracy in terminal voltage prediction, faith-
ful internal state estimation remains a significant advantage of more 
physically detailed models. Such insights are vital for applications like 
battery diagnostics and health-aware control, where internal states are 
more informative than voltage alone.
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Fig. 5.  Testing of a full-cell model using two current profiles cooled at 25 °C. 
(a) Voltage prediction under an HPPC-type profile, with the inset showing the 
corresponding current profile. (b) Voltage prediction for a GITT profile, with 
the inset displaying an enlarged view of relaxation behavior on the voltage 
curve.

3. Theory

3.1. Physics-based learning of hidden physics and uncertainties

Physics-based electrochemical models, typically formulated as PDEs 
or partial-differential algebraic equations (PDAEs), face significant 
challenges when applied to real-world energy storage systems. These 
challenges arise from two main factors. First, the high-dimensional 
parameter space inherent in these models complicates parameter iden-
tification, particularly when using Bayesian estimation techniques. 
Over-parameterization exacerbates this issue, leading to poor inferabil-
ity, predictability, and generalizability due to the increased prediction 
uncertainty caused by fitting numerous free parameters. Second, all 
models are subject to modeling errors as a result of changed op-
erating conditions, parameter variability, and simplifications made 
during model development. These errors are often introduced by mis-
specifications in the dynamic system, which can result from unphysical 
assumptions or oversimplifications during model order reduction.

A major source of modeling errors arises from hidden physics that 
remain latent and unaccounted for in the model specification. BMINN 
is specifically designed to handle these errors while accounting for 
uncertainties in general dynamic systems. The architecture and key 
concepts of BMINN are illustrated in Fig.  6. This hybrid approach 
ensures fidelity to physical laws while leveraging the approximation 
capacity of neural networks and quantifying uncertainties given the 
available, potentially noisy data or incomplete data.

The interpretability of BMINN is attributed to its hybrid archi-
tecture, where known physics-based equations constrain the learn-
ing process and hidden states correspond to electrochemical states 
7 
of a battery. The unknown components (Fig.  6d) characterizing the 
hidden physics, are explicitly parameterized and inferred. Further-
more, the Bayesian component of BMINN provides posterior distri-
butions for learned parameters, offering a probabilistic measure of 
uncertainty. This uncertainty accounts for data noise, sparsity, and 
model mis-specification, making it a critical indicator of the reliability 
and robustness of predictions.

BMINN targets a class of non-autonomous PDAE-based systems 
described by 
𝜕𝐻𝑑
𝜕𝑡

= 𝐹
(

𝑡,𝐻𝑑 ,𝐻𝑧, 𝛷(⋅), 𝑢
)

, (1a)

0 = 𝐺
(

𝑡,𝐻𝑑 ,𝐻𝑧, 𝛷(⋅), 𝑢
)

, (1b)

𝑦 = 𝑌
(

𝑡,𝐻𝑑 ,𝐻𝑧, 𝛷(⋅), 𝑢
)

, (1c)

where 𝑡 is time, 𝑢 denotes the external control input that makes the 
system non-autonomous, 𝑦 is the measurable system output, and 𝐹 ,𝐺, 
and 𝑌  are functions. 𝐻𝑑 and 𝐻𝑧 represent differential states and alge-
braic variables, respectively. All the states and algebraic variables are 
time-dependent and spatially distributed, in which the spatio-temporal 
coordinates, i.e., 𝑡 and 𝐱, are ignored for brevity. 𝛷(⋅) is an unspecific 
function that can be dependent on 𝑡, 𝐱, 𝐻𝑧 𝐻𝑑 , or 𝑢., and it is included 
in the model formulation to cover any possible hidden physics and un-
certainties. The identification of 𝛷(⋅) will be affected by the employed 
labeled input–output dataset, denoted by . By leveraging Bayesian 
principles to model uncertainty in data, Bayesian machine learning can 
be a powerful tool to identify 𝛷(⋅). Because of modular and flexible 
design, recurrent neural networks (RNN) are particularly suited for 
sequence-to-sequence applications, while as a bi-directional network, 
residual neural networks (ResNets) can model dynamic systems with 
time-stepping of states governed by the system dynamics and control 
input. Integrating these different neural networks may enable highly 
efficient learning for the dynamics of complicated systems that are 
nonlinear, non-autonomous, and singularly perturbed. Following this 
thread, we propose to approximate 𝛷(⋅) by Bayesian neural network 
(BNN), 𝛷BNN, parameterized by 𝑝𝜃 , leading to 

𝛷(⋅) = 𝛷BNN
(

𝑡, 𝐱,𝐻𝑑 ,𝐻𝑧, 𝑢; 𝑝𝜃
)

, (2)

where 𝑝𝜃 stands for the distribution of parameters 𝜃, namely 𝑝𝜃 =
𝑝(𝜃), and 𝜃 includes both battery physical parameters and the BNN’s 
parameters. Consequently, the formulation of BMINN can be given by

𝜕𝐻𝑑
𝜕𝑡

= 𝐹
(

𝑡,𝐻𝑑 ,𝐻𝑧, 𝛷BNN, 𝑢
)

, (3a)

0 = 𝐺
(

𝑡,𝐻𝑑 ,𝐻𝑧, 𝛷BNN, 𝑢
)

, (3b)

𝑦 = 𝑌
(

𝑡,𝐻𝑑 ,𝐻𝑧, 𝛷BNN, 𝑢
)

. (3c)

Note that the model formulation obtained above for BMINN blends 
the physics-based part captured by functions 𝐹 , 𝐺, and 𝑌 , and the 
data-driven part, i.e., 𝛷BNN within each of these functions.

By appropriately discretizing (3) in both the spatial and time do-
mains, we can obtain BMINN in the discrete form 
ℎ𝑘+1𝑑 = 𝑓

(

𝑘, 𝛿𝑡𝑘, ℎ𝑘𝑑 , ℎ
𝑘
𝑧 , 𝛷

𝑘
BNN, 𝑢

𝑘) , (4a)

0 = 𝑔
(

𝑘, ℎ𝑘𝑑 , ℎ
𝑘
𝑧 , 𝛷

𝑘
BNN, 𝑢

𝑘) , (4b)

𝑦𝑘 = 𝑦
(

𝑘, ℎ𝑘𝑑 , ℎ
𝑘
𝑧 , 𝛷

𝑘
BNN, 𝑢

𝑘) , (4c)

where 𝑘 is the discrete-time index. 𝛿𝑡𝑘 is the step size at time step 𝑘
that can be controlled by an adaptive time integrator. ℎ𝑑 and ℎ𝑧 are the 
spatially discretized differential states and algebraic variables, respec-
tively, and 𝛷𝑘

BNN = 𝛷BNN(𝑘, 𝐱, ℎ𝑘𝑑 , ℎ
𝑘
𝑧 , 𝑢

𝑘; 𝑝𝜃). The form of the function 
𝑓 (⋅) is dependent on the time integration scheme, which can take the 
arguments ℎ𝑘+1𝑑  and ℎ𝑘+1𝑧  if an implicit scheme is used. 𝛷𝑘

BNN can be 
parameterized by BNN with a set of parameters and hyper-parameters 
to optimize.
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Fig. 6.  The architecture and key concepts of BMINN for learning hidden physics and quantifying uncertainties in dynamic systems. (a) Data batching illustrated 
for battery training data, consisting of a two-dimensional vector of 𝐾 randomly selected points from current and voltage time-series data. (b) The iterative update 
process of hidden states ℎ𝑘, input 𝑢𝑘, and output 𝑦𝑘 in the BMINN architecture. (c) The design of the physics-based recurrent unit, incorporating physics-based 
equations, Bayesian neural networks (BNN), an output function 𝑦 = 𝑌 (ℎ), and an unknown function 𝛷 representing the hidden physics. (d) Quantification of 
uncertainties by learning the distributions of weights and biases in BNN. (e) Sampling of the posterior distribution using kernel density estimation (KDE). (f) 
Flowchart of the BMINN training algorithm illustrated for a battery system.
The distribution 𝑝𝜃 of the parameters 𝜃 is learned by evaluating the 
loss function BMINN for multiple parameter sets sampled from 𝑝𝜃

BMINN (𝜃) = 1
𝐾

𝐾
∑

𝑘=0

[

𝑦
(

𝑘, ℎ𝑘𝑑 , ℎ
𝑘
𝑧 , 𝛷

𝑘
BNN, 𝑢

𝑘) − 𝑦̂𝑘
]2 𝛿𝑡𝑘, (5)

s.t. (4a)–(4b),

where 𝐾 denotes the total number of labeled input–output pairs, 
i.e.  = {[𝑢1, 𝑦̂1],… , [𝑢𝑘, 𝑦̂𝑘],… , [𝑢𝐾 , 𝑦̂𝐾 ]}, and 𝑦̂𝑘 is the measured 
system output. If the value of BMINN for a sampled model is small, 
it implies that the parameter values produce model outputs closely 
matching the observed data. This means the loss function defined above 
for a sampled parameter set is inversely proportional to the likelihood 
of  for a given 𝜃, denoted by 𝑝 (|𝜃). Specifically, the relationship 
between the loss function and the log-likelihood log 𝑝 (|𝜃) is given by:
BMINN (𝜃) ∝ − log 𝑝 (|𝜃) . (6)

The training procedure is illustrated in Fig.  6f. Given some randomly 
selected mini-batch of measured input–output pairs and an initial con-
dition for the hidden states, we unroll the physics-based recurrent unit 
forward in time using the chosen time integrator to obtain predictions 
{𝑦𝑘} and the corresponding hidden states. We then minimize the mean-
squared voltage mismatch BMINN = 1

𝐾
∑

𝑘(𝑦𝑘 − 𝑦̂𝑘)2 subject to the 
constraints (4a)–(4b). These constraints are not included in the loss 
function as soft residual penalties at collocation points, but are instead 
enforced as hard constraints by the time integrator within the physics-
based recurrent unit, which avoids ill-conditioned residual balancing 
and is therefore not prone to the gradient pathologies commonly ob-
served in soft-constrained PINN training. Lastly, the gradients with 
respect to both physical parameters and BNN parameters are obtained 
by differentiating through the solver. For uncertainty quantification, 
8 
we sample from the posterior using SGLD (10) and MAP estimation is 
recovered by using the posterior mode.

3.1.1. Uncertainty quantification
The BNN, 𝛷𝑘

BNN, in the general problem formulation of BMINN can 
be realized by a deep stochastic neural network consisting of an input 
layer 𝐚[1], a succession of 𝐿 layers, and an output layer polluted by 
random noise 𝝐. This neural network can be generally formulated as 
⎧

⎪

⎨

⎪

⎩

𝐚[1] = [𝑘, 𝐱, ℎ𝑘𝑑 , ℎ
𝑘
𝑧 , 𝑢

𝑘]𝑇 ,
𝐚[𝑙] = 𝜎

(

𝐖𝑙 𝐚[𝑙−1] + 𝐛𝑙
)

, for 𝑙 = 2, 3, … , 𝐿,
𝛷𝑘
BNN = 𝐖𝐿𝐚[𝐿] + 𝐛𝐿 + 𝝐𝑘,

(7)

where 𝜎(⋅) is the activation function. For layer 𝑙, 𝐖𝑙, 𝐛𝑙, and 𝐚[𝑙]
represent the weight matrices, biases, and activation.

The parameters 𝜃 embedded in 𝛷BNN are considered random vari-
ables for which the entire distribution is estimated from . Given 
a prior distribution of parameters 𝑝(𝜃), by Bayes’ theorem, the pos-
terior distribution 𝑝(𝜃|) is proportional to the product between the 
prior and the likelihood of the dataset given the parameter 𝑝(|𝜃) =
𝛱𝐾

1 𝑝([𝑢𝑘, 𝑦̂𝑘]|𝜃), i.e., 

𝑝(𝜃|) ∝ 𝑝(𝜃)𝑝 (|𝜃) . (8)

The most probable parameter set of 𝜃, defined as 𝜃max, in a MAP 
estimation, maximizes the posterior distribution. This is done by taking 
the logarithm of posterior in (8), leading to the maximization problem
𝜃max = argmax

𝜃

[

log 𝑝(|𝜃) + log 𝑝(𝜃)
]

. (9)

To take advantage of the full posterior distribution, one has to evaluate 
multi-dimensional integrals, such as the posterior expectation and vari-
ance with respect to parameters 𝜃, or to sample from the posterior using 
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Fig. 7. The physics-based recurrent unit design in BMINN for learning missing physics parameterized by 𝑢ℎ𝑝𝑓  and 𝑢𝑟𝑙. (a) The recurrent unit within BMINN realized 
for the phase-field model with the hidden state ℎ𝑑 = 𝐶𝑠 and control input 𝑢 = 𝐼 . (b) The recurrent unit realized for the reaction-limited model with hidden state 
[ℎ𝑑 , ℎ𝑧]𝑇 = [𝜌, 𝜇res]𝑇  and control input 𝑢 = 𝐼 . The equations S.1–S.16 in the figure correspond to physics-based formulations laid out in Supporting Information
S2–S3.
Markov chain Monte Carlo. However, this generally does not scale 
well with the number of parameters involved in physics-based machine 
learning. To avoid this, we adopt the stochastic gradient Langevin 
dynamics (SGLD) [42], which stochastically updates the parameters 
according to the Langevin stochastic differential equation:

𝜃𝜏+1 = 𝜃𝜏 +
𝜖𝜏
2

(

−
𝜕BMINN (𝜃𝜏 )

𝜕𝜃𝜏
+
𝜕 log 𝑝(𝜃𝜏 )

𝜕𝜃𝜏

)

+𝛤𝜏 ,  where 𝛤𝜏 ∼  (0, 𝜖𝜏 )

(10)

where 𝜏 is the iteration index, 𝜖𝜏 is a positive parameter denoting the 
learning rate, and 𝛤𝜏 is a normally distributed random variable in the 
Langevin dynamics to ensure that the parameter trajectory converges 
to a full posterior distribution. The loss term BMINN (𝜃𝜏 ) defined in 
(5) is equivalent to the negative log-likelihood function due to (6). 
𝜕 log 𝑝(𝜃𝜏 )∕𝜕𝜃𝜏 serves as a regularization term in the above update law 
for parameters 𝜃.

3.2. Learning chemical potentials

The BMINN framework facilitates accurate identification of hidden 
physics within PDE- or PDAE-based models, specified in Supporting 
Information S2–S4, along with their associated physical parameters. 
To learn material-specific chemical potentials in these physics-based 
formulations, we first acknowledge that the battery data consists of 
externally measurable quantities, such as the applied current 𝐼 and 
voltage 𝑉 , as well as internal states, such as the lithium-ion concentra-
tions. While 𝐼 and 𝑉  can be readily obtained in a three-electrode setup, 
the internal states of electrodes must be estimated using advanced 
spectroscopy techniques. Among these, operando XRD spectroscopy 
has proven effective for capturing internal states under battery op-
erational conditions [1]. However, such methods require access to 
high-energy synchrotrons and specialized cell designs. Furthermore, 
the X-ray or neutron exposure involved in these techniques can in-
advertently alter the system states, including the electrode potential 
and temperature [43], thereby impacting the reliability of the data for 
learning chemical potentials.

To infer chemical potentials from externally measured current–
voltage data using BMINN, we design two physics-based recurrent 
units corresponding to the phase-field and reaction-limited models, as 
illustrated in Fig.  7. For the dynamic electrochemical system of graphite 
electrodes, the hidden states, ℎ𝑑 , represent lithium-ion concentrations 
in active materials, 𝐶𝑠, in the phase-field model, while in the reaction-
limited model, the hidden states are [ℎ , ℎ ]𝑇 = [𝜌, 𝜇 ]𝑇 , where 𝜌 and 
𝑑 𝑧 res
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𝜇res denote the population density and reservoir chemical potential, 
respectively. After spatial discretization, the dynamic part of the PDE 
system (S.1)–(S.7) and the PDAE system (S.11)–(S.16) in the Supporting 
Information are expressed in the following forms
𝑑ℎ𝑑
𝑑𝑡

= 𝑓pf
(

ℎ𝑑 , 𝜇
ℎ
pf(ℎ𝑑 ; 𝜃pf), 𝐼(𝑡)

)

(phase-field model); (11)
𝑑ℎ𝑑
𝑑𝑡

= 𝑓rl
(

ℎ𝑑 , 𝜇rl(𝑐 ; 𝜃rl), ℎ𝑧, 𝐼(𝑡)
)

(reaction-limited model), (12)

0 = 𝑔rl
(

ℎ𝑑 , 𝜇rl(𝑐 ; 𝜃rl), ℎ𝑧, 𝐼(𝑡)
)

(reaction-limited model); (13)

Here, the system input is the applied current. The nonlinear functions 
𝑓pf, 𝑓rl and 𝑔rl describe the system dynamics, and the chemical poten-
tials, 𝜇ℎ

pf and 𝜇rl, associated with the phase-field and reaction-limited 
models, respectively, are learned alongside their physical parameters, 
𝜃pf and 𝜃rl, during the training of BMINN. The nonlinear functions 
𝑓pf and 𝑓rl correspond to the general function 𝑓 (⋅) in (4a) and in 
the recurrent units shown in Fig.  6c, representing the phase-field and 
reaction-limited cases, respectively. For PDAE formulations, the con-
straint 𝑔rl = 0 is enforced by employing a DAE solver. To fully 
implement BMINN for the battery system, the loss function (5) is 
established with multiple parameter sets sampled from the distribution 
of 𝜃𝑚, where 𝑚 ∈ {pf, rl,pet} represents the model indices for phase-
field, reaction-limited, and PET-based models, respectively. The loss 
function for each model BMINN(𝜃𝑚) is in the form 

BMINN (𝜃𝑚) =
1
𝐾

𝐾
∑

𝑘=0

(

𝑉 𝑘
𝑚 − 𝑉 𝑘)2 , (14)

where the battery dataset  = {(𝐼𝑘, 𝑉 𝑘)}𝐾𝑘=0 consists of measured 
system outputs 𝑉 𝑘 and simulated outputs 𝑉 𝑘

𝑚 , and 𝐾 denotes the 
number of samples in the randomly selected mini-batch. This loss 
function is subject to constraints imposed by the electrode dynamics, as 
defined in Eqs. (11)–(13). The implementation to derive 𝜃𝑚 follows the 
Langevin stochastic differential Eq. (10), which provides uncertainty 
quantification for the learned parameters.

4. Discussion and outlook

Characterization of degradation. Fast charging is fundamentally con-
strained by degradation processes [44–46]. From a thermodynamic per-
spective, aging manifests as a gradual drift of the free-energy landscape: 
phase boundaries shift, metastable minima evolve, and energy barriers 
are reshaped. These changes alter the effective SOC ranges accessible 
to each electrode, features that are directly linked to degradation 
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modes [47] and can serve as markers for lifetime prognostics [48]. Con-
ventional aging-adaptive approaches, which calibrate stoichiometry 
parameters from pseudo open-circuit voltage (OCV) curves, are limited 
by their reliance on predefined OCP functions. The error is particularly 
severe at the end of discharge, where the voltage is dominated by 
the graphite anode potential at low capacity. As a result, inaccurate 
identification of stoichiometry parameters penalizes any downstream 
battery model.

BMINN-based models offer a more fundamental route. By recon-
structing material-specific Gibbs free energies directly from cycling 
data, they capture the reshaping of thermodynamic landscapes that 
underlies degradation. In practice, this reshaping is observed as the 
smearing of voltage plateaus and the broadening of transitions between 
adjacent stages, signatures that reflect side reactions and uneven par-
ticipation of particle populations. Existing methodologies, which focus 
on terminal voltage alone, cannot resolve these effects because they 
lack accurate internal-state estimation. By contrast, BMINN quanti-
fies how free-energy barriers evolve with cycling, linking macroscopic 
voltage drift to microscopic population dynamics. This physics-based 
description provides a coherent foundation for diagnosing degrada-
tion mechanisms and anticipating fast-charging failure modes such as 
lithium plating.

Modeling electrochemical impedance. The electrochemical
impedance of a battery is highly sensitive to the equilibrium behavior 
of its half cells. This is because the reaction kinetics are calculated 
from the overpotential, which in turn depends on accurate estimation of 
the electrode’s equilibrium surface concentration. Other than the fitted 
OCP functions, a widely adopted method in modeling electrochemical 
impedance is the multi-site multi-reaction (MSMR) theory [30], which 
breaks the OCP curve up into regions of solid-solution slopes and 
two-phase plateaus. It assumes the Nernst relation within the slop-
ing regions and constant potential in the plateau regions. However, 
MSMR models are parameterized using pseudo-OCP measurements 
that deviate from true equilibrium due to polarization and hysteresis 
effects [35]. Within the BMINN framework, electrode potentials are 
learned directly from time-domain current–voltage trajectories, yield-
ing thermodynamically consistent descriptors without requiring equi-
librium measurements. The reaction-limited formulation captures both 
resistance polarization and low-current hysteresis [5]. More broadly, 
this shows how free-energy landscapes inferred from non-equilibrium 
driving can be used to reconstruct response functions, which is appli-
cable beyond batteries wherever impedance or susceptibility encodes 
hidden thermodynamics.

Mechanical models. Pressure changes during cycling of graphite-
based battery cells are dominated by negative-electrode expansion 
and contraction. External sensors can measure the resulting pressure 
or displacement, reflecting the total dilation of polycrystalline par-
ticle ensembles. However, these signals capture only bulk volume 
change and not the composition of phase-specific transitions, which 
limits their ability to resolve dynamic internal processes. In diagnostics 
such as lithium plating detection, abnormal pressure fluctuations have 
been correlated with post-mortem optical evidence of plating [49]. For 
graphite, plating often occurs during the Stage 2-to-Stage 1 transi-
tion, when a fraction of particles shifts from ‘‘half full’’ to ‘‘full’’, 
prompting the reduction of lithium ions to metallic lithium. The de-
veloped BMINN-based models provide a precise means of quantifying 
the population involved in the Stage 2–1 transition. In doing so, they 
separate thermodynamic contributions from bulk mechanical response, 
which suggests a general route to deconvolve hidden order-parameter 
dynamics from macroscopic signals in other materials where structural 
transformations couple to stress, strain, or volume change.
10 
5. Conclusion

Learning hidden physics and unknown parameters in non-autono
mous PDE- and PDAE-based systems remains a fundamental challenge, 
particularly in the presence of parameter uncertainty and measurement 
noise. In this study, we introduced a physics-based learning framework, 
BMINN, to systematically bridge this gap. By embedding physics-based 
formulations within Bayesian neural networks, BMINN learns unmod-
eled components together with their associated uncertainties, providing 
robust interpretability and predictive accuracy. Unlike purely data-
driven approaches that map inputs to outputs, BMINN incorporates 
physically meaningful states and parameters by design, enabling the 
recovery of latent thermodynamics and dynamical rules.

Applied to lithium–graphite electrodes, BMINN reconstructs
electrode-specific Gibbs free energies and chemical potentials directly 
from routine cycling data. The learned thermodynamics capture staging 
structures, transient liquid-like phases, and free-energy barriers, repro-
ducing population dynamics and yielding operando XRD–comparable 
signatures of phase transitions. This capability provides a thermody-
namically consistent description of metastable states and hysteresis, 
offering new insights into the microscopic origins of fast-charging limits 
and plating onset. Compared to OCP-fitted and PET-based models, the 
BMINN framework recovers a more accurate representation of inter-
nal states, with direct relevance to lifetime prognostics, aging-aware 
impedance modeling, and health-conscious control.

Beyond batteries, the framework exemplifies a general strategy 
for embedding physical models into Bayesian inference to recover 
hidden physics from input–output data. In this sense, BMINN estab-
lishes a pathway to uncover free-energy landscapes and governing 
functions in diverse systems where direct experimental access is lim-
ited, from catalytic surfaces and ferroic materials to other multiphase 
condensed-matter systems.
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